Approximate semiclassical solutions are developed for a system of a Morse oscillator coupled to a harmonic oscillator via a nonlinear perturbation. This system serves as a model for the interaction of an excited stretching mode with a bending mode in a polyatomic molecule. Three semiclassical methods are used to treat this model. In particular, a matrix diagonalization, a two-state model, and a uniform semiclassical approximation (USC) based on Mathieu functions are each used to determine the splittings and state mixing involved in these stretch-bend Fermi resonances. For small perturbations, approximate analytic semiclassical expressions are obtained for the system treated. These analytic expressions are given for the splittings using a two-state or USC method and for the overlaps of the zeroth order states with the eigenstates of the molecule using a USC method.
I. INTRODUCTION
The present paper treats the 1:2 resonant interaction of a stretching mode with a bending mode in a polyatomic molecule. This system is modeled classically using a resonance Hamiltonian t-6 to describe the nonlinear interaction of a Morse oscillator stretching vibration with a harmonic bending vibration. Several semiclassical methods are used to obtain information about the quantum Fermi resonance resulting from this nonlinear interaction. The results of these methods are compared with each other, with those obtained from a recent uniform semiclassical treatment, 7 and with the exact quantum results.
The experimental incidence of 1:2 stretch-bend Fermi resonance is widespread, the best known being that in C0 2 • 8 Previous discussions of these resonances are many, e.g., Ref.
9, and they have appeared more recently in the local mode literature. 10 The model of a local mode C-H stretch interacting resonantly with bending normal modes has also been proposed as a theoretical explanation for the observed Fermi resonances in CHD 3 
'
12 and for the C-H overtone linewidths in benzene. 13 These Fermi resonances are related to the existence of one (or more) classical resonance conditions. t- 6 The quantum mechanical implications of an isolated classical resonance have been discussed by a number of authors, 3 • 7 • 14 -27 including their relation to avoided crossings 14 ' 24 ' 25 and to Fermi resonances. 3 ' 7 ' 14 ' 22 A straightforward semiclassical matrix technique is presented in Sec. II to treat Fermi resonant systems. Two other semiclassical methods, namely, a semiclassical twostate solution and a uniform semiclassical approximation (USC), are also formulated later in Sec. IV that are based on an effective classical resonance Hamiltonian for the nonlinear interaction of a Morse with a harmonic oscillator (Sec. III). These latter two methods may be used to calculate analytically the splittings between the eigenstates of the system and the overlaps of the zeroth order wave functions with the actual eigenfunctions. The three semiclassical methods are applied in Sec. V to a model of a C-H stretching local mode " 1 Contribution No. 7062.
interacting resonantly with a bending mode in a dihalomethane molecule. The results of these calculations, and those obtained using the method of Ref. 7 , are discussed in Sec. VI, and concluding remarks are given in Sec. VII.
II. SEMICLASSICAL MATRIX DIAGONALIZATION
The classical Hamiltonian for a coupled Morse and harmonic oscillator may be written in action-angle variables as where / 1 and / 2 are the action variables 28 for the Morse and harmonic oscillators, respectively. el and e2 are the angles conjugate to 1 1 and / 2 , w~ and w~ are the zeroth order harmonic angular frequencies of the Morse and harmonic oscillators, respectively, w~x is the anharmonicity of the Morse oscillator, and V(/ 1 , 1 2 , e 1 , e 2 ) is the perturbation. 29 (li is set equal to 1 throughout the present paper.)
One can use a semiclassical matrix treatmene 0 of the Fermi resonance problem for the Hamiltonian (2.1) in action-angle variables using, as a basis, the semiclassical wave functions 25 
If, e.g., the resonant interaction of the three states In, 0), In-1,2), and In-2, 4) is considered, the Hamiltonian represented in this restricted basis has the following diagonal element Hu for the zeroth order state i:
where (n~, n~) = (n, 0), (n -1, 2), or (n -2, 4). The diagonal perturbation term V 00 is the (/ = 0, m = 0) Fourier compo- Comparison of the method presented in this section with exact quantum results are given later in Sec. V. In Sec. IV, we formulate a different semiclassical method based on a classical analysis and an effective Hamiltonian given in the next section.
Ill. THEORY: CLASSICAL RESONANCE TREATMENT

A. Treatment of the perturbation
The perturbation of these coupled oscillator systems is, as usual, l-6 expanded in a complex-valued Fourier series 00 00
where V 1 m (I 1 , I 2 ) is given by Eq. (2.4). The V 00 (I 1 , I 2 ) Fourier component is the analog of a quantum mechanical "diagonal" first order perturbation correction. These corrections have been discussed previously 11 · (3.8) where w 1 , WJ.X, and w 2 denote w~ f', w~x f', and w~ g', respectively. These effective oscillator parameters are the classical analog to those obtained empirically from the analysis of experimental absorption spectra (cf. discussion in Refs. 11, 13, 35, and 36).
The particular classical resonance to be examined here is the 1 :2 resonance defined by the condition 
B. Classical resonance Hamiltonian
Equations (3.13) and (3.16), evaluated at the resonant actions (J ~ ,I;), yield a resonance Hamiltonian 1 -6 for the 1 :2 resonance 37
The total Hamiltonian H in Eq. (2.1) is then approximately given by Herr=1 13 w 2 -HR, (3.18) which will henceforth be termed the "effective" Hamiltonian. Since 1 13 is a constant of the motion in this approximation, J 13 w 2 is a constant. The phase plane behavior of Eq. (3.17) is discussed in Appendix B. From Eqs. (3.9), (3.10), and (3.14), the resonant action I~ is given by f1 /WJX. Since, semiclassically, 1 1 equals (n 1 + !), a resonant Morse "quantum number" n~ may be defined by
In general, n~ is not an integer.
The two-state and uniform approximation solutions introduced in the next section are based on the effective Hamiltonian (3.18). 
IV. THEORY: SEMICLASSICAL METHODS BASED ON
with a being in the interval (0, 1r) and
For the model oscillator system considered in the present paper, the near 1 :2 resonance condition can lead to a near degeneracy between the zeroth order states In, 0) and In-1,2) forsomevalueofn. Inmanycasesofexperimental interest, these two states may be the most important states involved in a Fermi resonance. For this reason, and because it is desirable to obtain a simple analytic solution, a two-state solution for Eq. where
and q is given in Eq. (4.2). In terms ofEq. (3.19) , this v(n) is twice the "distance" of the eigenstate with quantum number n 1 = n from the center of the resonance n~.
The approximate splitting L!E of these two eigenstates by the Fermi resonance is therby found from Eqs. (4.2) and (4.4)-(4.6) to be L!E = WtX'(4q2 + d2)1/2, and the two approximate eigenfunctions are 38 The two-state solution presented in this section is not, in general, the same as a semiclassical2 X 2 matrix diagonalization using the method of Sec. II. The difference between these two methods results from the use in the present section of a resonance Hamiltonian (3.17) based on the effective Hamiltonian (3.18), while the method of Sec. II is based directly on the original Hamiltonian (2.1 ).
B. Uniform semiclassical approximation (USC)
A uniform approximation for the present coupled oscillator system is obtained by converting Eq. (4.1) to the stan- (4.13) and v is the order of the Mathieu equation. 39 ial. 40 Equation (4.13) is rearranged to give the energy of the rotor HamiltonianHR as (4.14)
Semiclassical expressions for the Fermi resonance splittings between the eigenstates of the Hamiltonian may be obtained from Eq. (4.14). In general, one is concerned with a resonant progression of nearly degenerate zeroth order states ln 1 ,n 2 ) for the zeroth order Hamiltonian (2.1): In, 0), In-1, 2), In-2, 4), etc. The action 1 13 from Eq. For example, one uses n~1 1 =nand n~2 1 = n -1 in calculating the splitting between the nearly degenerate states In, 0) and In-1, 2). Thecharacteristicvaluesav oftheMathieuequation may be obtained from expansions 391 b 1 (if q is small), from tables, 41 · 42 or from semiclassical phase integral arguments. 43 When the relevant dipole moment operator is assumed to be a function of the C-H stretching coordinate only, the overlap (squared) of the zeroth order pure local mode state In, 0) with the actual eigenstates describes the Fermi resonance intensity sharing, 11 · 13 · 35 .4 4 and so is of interest. When q is small enough, an expansion 391 c 1 · 42 for the solution F(a) of the Mathieu equation (4.12) may be used. From the definition of the wave function if'( a) in Eq. (4.11 ), and using Eq. q 
A. The model Hamiltonian
As an application, we consider a model Hamiltonian for a single C-H stretch interacting with a bending mode involving the C-H bond in a dihalomethane molecule. In curvilinear coordinates, 46 such a Hamiltonian may be phenomenologically written as 461 al
where R and Q are, respectively, the curvilinear displacement coordinates for the C-H stretch and for the bend, PR and Pare their conjugate momenta, J1 is the reduced mass of the C-H bond, D and a are the C-H Morse parameters, A is a coupling constant, and w~ is the zeroth order angular frequency of the bending mode. The constant A generally has a complicated dependence 13 ' 461 al on the atomic masses, equilibrium bond angles and lengths, and the bending normal coordinate 47 coefficients L ij 1 . This coupling constant will be treated as a variable parameter in the present paper.
For energies in the vicinity of the 13, 0) state, it is assumed in this model that only one of the C-H local mode vibrations need be considered. 35 For these energies, the quantum mechanical eigenvalues for the symmetric and asymmetric combinations 35 of local modes in the dihalomethanes become virtually degenerate, and hence the two CH's in the molecule have negligible direct coupling to each other.
The Fourier expansion for the displacement coordinate R of a Morse oscillator is given in Ref. 48 
B. Calculations
Calculations were performed for the resonant interaction of the 13, 0), 12, 2), and 11, 4) , and 0.988 a.u., respectively. The zeroth order bend frequency w~ was not determined there, but is estimated to be -1400 em-1 • The coupling parameter A was allowed to vary in the present calculations to yield quantum off-diagonal matrix elements between the zeroth order states 13, 0) and 12, 2) in the range of 5-30 em-
1
• The resonant actions I~ and I~ used in evaluating the USC and two-state solutions were determined by the method described in Appendix A.
The Fermi resonant splittings and overlaps were calculated as a function of A using the three semiclassical methods presented in the previous sections. For the two-state and 3 X 3 semiclassical matrix treatment, calculations were performed using both the resonant and mean actions ( cf. Sec. II) to evaluate the 3 X 3 semiclassical off-diagonal matrix elements and to obtain q for the two-state calculation (Sec. IV A). In all cases, diagonalizations of quantum mechanical 2 X 2, 3 X 3, and 78 X 78 matrices were performed for comparison.
C. Results
The calculated splittings between the eigenstates of 13, 0) and 12, 2) parentage and between the eigenstates of 13, 0) and 11, 4) parentage are shown in Tables I and II, respectively. In Table Ill , the exact and the present uniform semiclassical (USC) results are compared with those obtained by the method of Ref. 7 (USC 0 ). As in Ref. 7 , the resonant actions for the USC 0 calculation were found using the zeroth order frequencies, i.e., using Eq. (A1) instead of Eq. (3.9). The "diagonal" perturbation term V 00 was then taken, in the USC 0 method, as a constant value evaluated at these zeroth order resonant actions. Also shown in Table III 
VI. DISCUSSION
The quantum 3 X 3 and converged (78 X 78) results are seen from Tables I, II , and IV to be in good agreement (except at high A where the discrepancy in Table II is -10 cm-1 ). Thus, the present Fermi resonance is well characterized by considering only the interaction of the three zeroth order states 13, 0), [2, 2) , and 11, 4). For the splittings, the 3 X 3 and USC semiclassical methods in Tables I and II yield results comparable to each other and in reasonable agree- Tables I-V indicate that, of the semiclassical twostate, 3 X 3, and USC methods, the 3 X 3 one using mean actions in the evaluation of the Fourier components appears to be the most accurate for calculating both the splittings and the relative intensities. In addition, the results in Table III for the USC 0 method of Ref. 7 show that the non constancy of the diagonal perturbation term V 00 has an appreciable effect for the system studied.
Of the two-state calculations, the quantum 2 X 2 values [based on the original Hamiltonian (5.1)] and the semiclassical two-state ones based on Hetr [Eq. (3.18)] and employing mean actions in the calculation of the Fourier components are in better agreement than those based on Hetr and resonant actions. Diagonalizations of semiclassical 2 X 2 matrices were also performed using the method of Sec. II. These results were essentially the same as those in Table V based on Hetr and mean actions. Thus, for the present model Hamiltonian (5.1), the two-state (Sec. IV A) and 2X2 (Sec. II) methods are essentially equivalent, although this is not necessarily the case in general.
The 3 X 3 (and 78 X 78) basis set calculations show that the 11, 4) state mixes significantly with the other zeroth order states. Thus, the two-state treatments are incorrect for determining the eigenfunctions, and hence the overlaps (relative intensities), although they yield reasonable values for the eigenvalues (splittings) in Table V . The semiclassical matrix calculations in Tables 1-V indicate the principal weakness of the uniform approximation. In the derivation of the Mathieu equation and its corresponding solutions, q, and hence the 1,-2 Fourier component, was approximated as a constant, i.e., it was evaluated at the resonance center. This approximation assumes, in effect, that all the matrix elements such as (n, 01 Vln-1, 2) and (n-1, 21 V In-2, 4) havethesameaveragevalue. The semiclassical matrix technique employing mean actions for the evaluation of individual matrix elements H;j avoids this restriction of constant Fourier components and thus obtains better agreement with the purely quantum treatments in the general case. Nevertheless, the USC is useful because, when q is small and expansions 391 bl-391 cl may be used for av and F (a) of the Mathieu equation, it yields approximate analytic solutions. These solutions may also provide some additional physical insight when coupled with the classical analysis presented in Sec. III and Appendix B.
As an example of this latter point, one may consider the dependence of the Fermi resonances on the classical resonance width [Eq. (B3)]. Examination of the classical (na ,a) surfaces of section in Figs. 1 and 2 for the Hamiltonian ( 5.1) with q = 0.8 shows that the states 13, 0) and 12, 2), with n 1 = 3 and n 1 = 2, are within the width of the resonance. Hence, one would expect significant mixing for these states, and this is indeed found to be the case (cf . Table IV for A.= 0.077). On the other hand, the state 11, 4), with n 1 = 1, is well outside the classical resonance zone and does not mix strongly with the 13, 0) or 12, 2) states. One obtains similar conclusions about the degree of state mixing from purely quantum mechanical arguments by comparing the coupling elements H;i to the diagonal energy differences E; -E i" However, when many states are involved, the semiclassical phase plane picture allows one to estimate the degree of coupling by a single quantity, the width of the resonance [Eq. (B3)].
VII. CONCLUDING REMARKS
The semiclassical methods presented in this paper all involve the use of the Fourier components of the perturbation, some of which exist in analytic form 33 • 34 .4 8 or are straightforward to evaluate in the typical case by numerical quadrature. For the calculation described in Sec. V, thesemiclassical matrix elements (i.e., Fourier components) were analytic and could be evaluated by the use of a hand calculator. The quantum mechanical Morse matrix elements of, for instance r or r, while analytic, 49 are more complicated to compute. The semiclassical techniques can therefore be particularly useful when one wishes to use relatively simple methods for comparison with experimental absorption spectra: In actual experiments, the rovibrational structure may only be partially resolved (e.g., Ref. 35), and so a quick and approximate estimation of the Fermi resonance splittings and relative intensities can be helpful in fitting the data to various models.
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APPENDIX A: APPROXIMATE EVALUATION OF THE RESONANT ACTIONS
The solution of Eqs. (3.9) and (3.12) to calculate the resonant actions I~ and I~ involves the determination of the angle-independent effective oscillator frequencies from Eqs. (3. 5)-(3. 7). One recalls that these frequencies are nonlinearly dependent on the resonant actions I~ and I~, so the following approximate root finding procedure was used to determine them: ( 1) A value for the zeroth order resonant action I~· was determined from the zeroth order resonance condition . If desired, this procedure may then be iterated. However, for the model Hamiltonian given by Eq. (5.1), one iteration was sufficient to determine I~ and I; to within 5% of the exact numerically calculated values and was the procedure used in the present paper. 
APPENDIX B: PHASE PLANE BEHAVIOR OF THE RESONANCE HAMIL TON IAN
where, from Eqs. (3.9), (3.10), (3.12), and (3.14), /~denotes 2!1 lwvr. Since/a = 2/ 1 and, semiclassically,/ 1 = (n 1 +~),a phase plane portrait for the Morse "quantum number" n 1 may be generated from Eq. (B1) as a function of a:
where n~ is given by Eq. (3.19) . Figure 1 shows an (n 1 , a) phase plane plot on the interval (0, 1r) for the three different types of motion of Eq. (B2). This idealized behavior for the full Hamiltonian (2.1) is identical to that for a pendulum or "rotor" Hamiltonian. l-<i The curves that pass through a single point at a = 0 and 1T correspond to the separatrix trajectory. The phase plane curves in Fig. 1 above and below the separatrix correspond to "rotations" in the (n 1 , a) space. These are motions in which the action 1 1 = I a /2 (or the quantum number n 1 = I 1 -!) varies only slightly over a cycle of motion. Thereby, there is relatively little classical energy transfer between the Morse and harmonic oscillators. The phase plane curves inside the separatrix represent motions in which n 1 varies greatly over a cycle of motion and thus reflects a large transfer of energy. Such a large variation in n 1 is expected for any initial n 1 within the resonance width ,jn 1 =,jf 1 = 2(2Vofwvr)
defined by the separatrix trajectory.
1 -nance increases with increasing coupling element V 0 and with decreasing effective anharmonicity WJX of the Morse oscillator. The less the anharmonicity, the less the states in the progression In, 0), In-1,2), etc. pass out of resonance.
In Fig. 2 , an (n 1 , a) surface of section (e.g., Ref. 17) ofthe Hamiltonian (5.1) is shown for actual classical trajectories having initial conditions corresponding to 1 13 = 7.5 and n 1 = 1 to 3.6. For this model Hamiltonian, this plot shows the "rotor" or "pendulum" behavior, although it is somewhat distorted from Fig. 1 . For larger perturbations, the surface of section becomes increasingly distorted from the idealized behavior shown in Fig. 1 (cf. discussion in Ref. 25) .
A few remarks on the rate of classical and quantum energy exchange among the oscillators are perhaps in order. For a classical resonance Hamiltonian [e.g., Eq. (3.17)], there is extensive classical energy exchange when the system is within the cosine well. (/a changes considerably during the latter motion.) The frequency of the oscillatory energy exchange is then obtained by expanding the cos 2a term about its minimum and is found to be porportional to the square root of the coefficient of the cosine term in Eq. (3.17) [i.e., it is proportional to the square root of the (1,-2) Fourier component of the perturbation]. Quantum mechanically, this type of energy exchange is expected to be approached when the initial wave packet consists of many eigenstates. When there are only two or three states, as in the present analysis, the frequency of energy exchange between zeroth. order states is, in the case of an exact zeroth order degeneracy, proportional to the coupling matrix elements between the states. In the semiclassical limit, these matrix elements correspond to the Fourier components of the cosine perturbation term in Eq. (3.17). As a result, the quantum energy exchange frequency may be thought of, in the case of an exact resonance, as being proportional to the coefficient rather than, as in the purely classical case, the square root of the coefficient of the cosine function. Thus, it is expected that, in any wave packet analysis, one must distinguish between the classical (i.e., many quantum states) and highly quantum (i.e., few quantum states) cases.
APPENDIX C: NORMALIZATION OF THE WAVE FUNCTION (4.17)
A normalized wave function Nn, tPn, 
The normalization series in Eq. (C2) may be "slow" to converge for one of the semiclassical eigenstates t/1 1 (a) involved in the resonance, an example being when v(n tl ± m is small relative to q 2 m for that state (m = 1, 2). In that case, one can determine the other overlaps ( t/1~, 1 I t/1 / ) of nonnegligible magnitude and then use the normalization condition for the Fermi resonance (C3) j to determine the absolute value of the unknown overlap. This approximation was tested in quantum mechanical calculations discussed in Sec. V and found to agree with the exact results in the system chosen to within 2%. The semiclassical wave functions are not suitable for determining the overlaps with the zeroth order states when the normalization series (C2) does not converge for several of the semiclassical eigenstates.
